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Abstract
We investigate the effect of a large number of kinks on the gravitational power radiated by cosmic
string loops. We show that the total power radiated by a loop with N left-moving and right-moving kinks
is proportional to N and increases with the typical kink angle. We then apply these results to loops
containing junctions which give rise to a proliferation of the number of sharp kinks. We show that the
time of gravitational decay of these loops is smaller than previously assumed. In light of this we revisit the
gravitational wave burst predictions from a network containing such loops. We find there is no parameter
regime in which the rate of individual kink bursts is enhanced with respect to standard networks. By
contrast, there remains a region of parameter space for which the kink-kink bursts dominate the stochastic
background. Finally, we discuss the order of magnitude of the typical number of sharp kinks resulting from
kink proliferation on loops with junctions.
1 Introduction
Cosmic strings are one-dimensional topological defects of cosmic size originally introduced by Kibble [1] which
may have been produced during spontaneous symmetry-breaking phase transitions in the early Universe. Re-
cently, it has been realized that fundamental objects from string theory could, in certain scenarios, expand to
cosmic size and also play the role of cosmic (super-)strings (see [2] and references therein). A very promising
strategy to detect them relies on their gravitational wave emission, and in particular on their emission of high
frequency bursts at cusps and kinks [3, 4] which could be accessible to the advanced versions of the network
of ground based interferometers LIGO-VIRGO and to the future space interferometer LISA in a large region
of parameter space. Although cosmic strings have never been observed so far, a lot of effort is made in this
direction since their detection would provide unique insight on either high energy physics or string theory.
Several authors have studied how certain properties of cosmic superstrings could help distinguishing their
gravitational wave burst signal from that of field theory cosmic strings, such as their reduced reconnection
probability [5], their reconnection process itself [6] or the fact that they can move in extra dimensions [7].
Another feature of superstrings that drastically affects their gravitational wave burst signal is the existence of
junctions between strings. A cosmic superstring network contains F- and D-strings as well as bound states made
up of both types called (p,q) strings. The crossing of two strings of different types can lead to the creation of
a new segment of string joining the original ones at two vertices also called Y-junctions [8, 9, 10, 11, 12]. Note
that junctions can also be formed in specific models of symmetry-breaking [13, 14, 15].
The impact of junctions on the gravitational wave burst emission from a cosmic string loop was investigated
in [16, 17]. It was shown that the most important effect they induce is the exponential proliferation of large
amplitude kinks. In [18], the effect of kink proliferation on the signal emitted by a whole network of loops
was investigated. It was found that, for models where the fraction q of loops that contain junctions and
the average number k′ of sharp kinks on these loops satisfy the condition qk′ > 1, then the observational
predictions differ from the standard case examined in [3, 5, 19], mainly due to the presence of a strong stochastic
background resulting from the incoherent superposition of bursts produced at kink-kink collisions potentially
hiding individual bursts in certain regions of parameter space.
One of the key assumptions in this analysis was that the lifetime of the loops with junctions (or of their
daughter loops in the case where the junctions unzip) was unaffected by the large number of kinks on them. To
be more precise, it was assumed that the gravitational power radiated by these loops was given by the standard
formula P = ΓGµ2 with Γ ∼ 50, a result first obtained by Vachaspati and Vilenkin in [20] and a priori only
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valid for rather smooth loops. This rate of energy loss determines the lifetime of the loops in the network and
therefore enters crucially in the estimation of the density of loops at any time and ultilmately in the rate of
observed events.
In this paper, we investigate the validity of this assumption by computing the radiation from piecewise linear
loops with a large number of sharp kinks. The radiation from kinky loops was already explored in the past,
but always with a different focus. The first calculations date back to the work of Vachaspati and Garfinkle
[21] who showed that the power radiated by kinky cuspless loops was finite in every direction and computed
analytically the power radiated by a particular class of loops with 4 kinks in total. Other simple configurations
were studied in [22] by Allen, Casper and Ottewill. In [23], Allen and Casper derived an analytical expression
for the total power radiated by any piecewise linear loop made of N straight segments as a sum of O(N4)
polynomial and logarithmic terms. Their idea was to provide a way of computing the power from smooth loops
by approximating them by increasingly complex polygons with angles at the vertices tending to zero, a situation
completely different than the one we are considering here since we are interested in a large number of sharp
kinks. Although their formula can be used to compute the power from any given loop with many sharp kinks,
its complicated form does not allow to determine analytically the generic large N behavior for such loops.
Here, we develop a completely different approach, based on an analytical averaging of the power over loop
trajectories with N sharp kinks leading to an expression where the large N behavior can be extracted. This is
the first time that the power radiated by loops with many sharp kinks is investigated using a fully relativistic
formalism, namely Weinberg’s formula and our main result is that the power radiated is proportional to the
number of kinks1.
We then apply our results to loops with junctions and revisit the estimate for their number density and the
gravitational wave signal predictions made in [18]. In particular, we investigate the modifications to the rate
of individual kink bursts and the amplitude of the stochastic backgrounds formed by the superposition of kink
bursts and of kink-kink bursts.
Finally, our results provide a new step towards understanding how long kink proliferation can last and
towards estimating the resulting value of the parameter k′. Indeed, the expression of the power radiated as
a function of the number of kinks enables us to compute the energy lost as kinks proliferate on the loop and
therefore to estimate the time it takes for a loop to decay by gravitational radiation. We also discuss qualitatively
how other mechanisms such as intercommutations, unzipping of junctions and gravitational backreaction affect
our estimate.
The paper is organized as follows. In section 2, we study the radiation from piecewise loops with a large
number of kinks. In section 3, we use our results to revisit the observational predictions taking into account
the shorter lifetime of the loops with junctions. In Section 4, we discuss the implications of our results on the
duration of kink proliferation and therefore on the number of kinks. Section 5 contains our conclusions.
2 Radiation by a loop with many kinks
In this section, we compute the power radiated from periodic piecewise loops with N kinks. Sec. 2.1 is devoted
to the definition of the class of loops that we consider. Then, in Sec. 2.2, we use Weinberg’s formula to derive a
general expression for the power radiated by the loops in this class. In Sec. 2.3, we analytically investigate the
dependence of the power on the number of kinks. This section contains our main result, namely the fact that
for large N , the power becomes proportional to N . In Sec. 2.4, we use numerical calculations to investigate
how our result depends on the amplitude of the kinks. Finally, in Sec. 2.5, we comment on the applicability of
our results to the case of loops with junctions.
2.1 Piecewise constant loops: the setup
Let us start by setting the notations and defining the class of loops that we use. We consider a cosmic string loop
whose dynamics is governed by the Nambu action. We assume flat spacetime background geometry (− + ++)
(we only consider loops small compared to the horizon size) and we use the standard conformal time gauge
to parametrize the string’s worldsheet so that the string is described by its spatial coordinates x(σ, t) where t
coincides with Lorentz time. The gauge constraints can then be written (with ′ and ˙ standing for derivatives
1We note that the linear dependence of the power on the number of kinks had already been proposed in [24] but the argument
was based on the quadrupole radiation formula which only applies to slowly moving sources and whose validity is therefore not
clear in the context of cosmic strings.
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with respect to σ and t)
x′ · x˙ = 0, (1)
x
′2 + x˙2 = 1. (2)
The wave-like equation of motion leads to the form
x(σ, t) =
1
2
(
x+(σ + t) + x−(σ − t)
)
(3)
with x
′2
+ = x
′2
− = 1 in order to satisfy the gauge constraints (here
′ denotes a derivative to the only variable of
x+ or x−).
As can easily be checked, the total power radiated will be independent of the invariant length of the string L
so, in order to simplify the expressions, we set L = 2π so that at any time, σ ∈ [0, 2π]. The evolution is periodic
and x+ and x+ are periodic functions
x±(0) = x±(2π). (4)
The definition of these two functions on the interval [0, 2π] is set by the inital conditions (x′(t = 0, σ) and
x˙(t = 0, σ)). The whole evolution of the loop can then be determined trivially using periodicity. We now define
the class of initial conditions that we use.
Let A±,n, n = 0..N−1 be two sets of N unit vectors such that
∑N−1
n=0 A±,n = 0. We can define the derivative
of the functions x±(u) as a piecewise constant functions:
x′±(u) = A±,n for u ∈
[
2nπ
N
,
2(n+ 1)π
N
]
(5)
By integration, x± are piecewise linear functions given by (the integration constants vanish in the center of
mass frame of the loop)
x±(u) =
2π
N
n−1∑
q=0
A±,q +
(
u− 2nπ
N
)
A±,n for u ∈
[
2nπ
N
,
2(n+ 1)π
N
]
(6)
(with the convention
∑−1
q=0 A±,q = 0). The condition (4) is clearly satisfied since
∑N−1
n=0 A±,n = 0.
A loop defined like this has N left moving and N right moving kinks evenly spaced on the string.2
2.2 Radiated power
Because the evolution is periodic the frequencies of emission are all multiples of the fundamental mode of the
string ωm = mω0 where ω0 =
4pi
L = 2. The total power radiated by the loop per unit solid angle in the direction
given by the unit vector k is a sum over all such frequencies and can be computed using Weinberg’s formula
[25]
dP
dk
=
∞∑
m=1
Gω20m
2
π
Λij,lp(k)T
ij∗(km, ωm)T
lp(km, ωm) (7)
where km = ωmk, T
ij(k, ω) is the spacetime Fourier transform of the stress-energy tensor of the string and
Λij,lp(k) is a projection operator defined as Λij,lp(k) = PilPjp − 12PijPlm where Pij = δij − kikj . Note that
Pijk
i = 0: Pij is the projector on the plane perpendicular to k. Here δ is the Kronecker symbol and all indexes
i, j, l, p range from 1 to 3.
The (spacetime Fourier transform of the) stress-energy tensor can be conveniently written under the factor-
ized form [3]
T ij(km, ωm) =
µ
2π
I
(i
+ (k,m)I
j)
− (k,m), (8)
2We are mainly interested in such symmetric configurations because we expect any mechanism responsible for the creation of
many kinks to be symmetric in the left and the right movers. In particular, kink proliferation on loops with junctions that we
discuss in Sec. 2.5 creates similar distributions of left-moving and right-moving kinks. We will however comment on the power
radiated by loops with N ≫ 1 left-moving kinks and only a small number of right moving kinks at the end of Sec. 2.3.
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where (ij) denotes symmetrization with respect to the indexes i and j and
Ii±(k,m) =
∫ 2pi
0
x′i±(u)e
i
2
mω0(±u−k·x±(u))du. (9)
The integrals above can be easily computed using (5) and (6) and yield
Ii± =
i
m
N−1∑
n=0
Ci±,ne
2ipim
N
(
±n−k·
(∑
n−1
s=0
A±,s
))
(10)
where we defined
Ci±,n =
Ai±,n
k ·A±,n ∓ 1
(
e
2ipim
N
(±1−k·A±,n) − 1
)
. (11)
Both I± and the C±,n depend on k and m but from now on, in an effort to avoid heavy notation as much
as possible, we leave this dependence implicit. Note that Ci±,n is not singular at k = ±A±,n, and there-
fore Ii± is not singular at any k = ±A±,n. More precisely, if k = A+,n0 , we have Ii+(k = A+,n0 ,m) =
2pi
N A
i
+,n0e
2ipim
N
(
n0−k·
(∑
n−1
s=0
A+,s
))
+O( 1m ). Therefore, although I+ is finite in those directions, it doesn’t tend
to zero as m goes to infinity. However, the series in (7) still converges because the operator Λ projects out this
first term since it is proportional to A+,n0 = k. As a consequence,
dP
dk is finite in every direction in perfect
agreement with the findings of [21] in the case N = 2 (except in the degenarate case of a persistant cusp when
one of the A+,n is exactly equal to one of the A−,q).
Finally, the total power radiated by the loop is the integral of (7) over all directions
P =
∫
dP
dk
dk. (12)
2.3 Dependence on the number of kinks: analytical study
2.3.1 Loop distribution
We now would like to average over the class of loop trajectories defined in Section 2.1 for fixed values of the
number of kinks N and study how the total power radiated varies with N . In order to do so, we first need
to specify the weight of each loop of the class or equivalently, a random procedure to construct such loops.
This raises the question of the naturalness of the probability distribution that we will use: what do realistic
kinky loops look like? Are the kink angles typically large or small? For now, we do not address these complex
questions (we will focus starting from Sec. 2.5 on a particular mechanism creating many kinks, namely kink
proliferation on loops with junctions) and make the arbitrary choice of using a "flat" distribution (in a sense
that we explain in the next paragraph) for which the average can be computed analytically. In Sec. 2.4, we use
numerical computations to discuss how different distributions can affect the result.
The simplest idea to obtain a flat distribution is to draw randomly each of the A+,n and A−,n for n = 0..N−1
with uniform probability on the unit sphere. However, we must satisfy the conditions
∑N−1
n=0 A±,n = 0. In an
attempt to generalize the trajectories used in [21] in the case N = 2, we use the following construction: we
restrict our attention to even values of N and draw each of the A+,n, n−0..N/2−1 and A−,n, n−0..N/2−1 with
uniform probability on the unit sphere. For n = N/2..N − 1, we then define the remaining A±,n = −A±,n−N/2
so that the sums vanish. To be precise, this yields a flat distribution but only over a subset of our initial class.
Though such a construction is probably the simplest, other are possible and the robustness of our results to the
distribution of loops will be discussed in the next section.
2.3.2 Average power
Since there is no preferred direction in our loop distribution, we expect 〈dPdk 〉 to be independent of k. We can
therefore set k = (1, 0, 0) from now on to simplify our calculations. From (7) and (8), we have〈
dP
dk
〉
=
Gµ2
4π3
+∞∑
m=1
m2Λij,lp
〈(
Ii∗+ I
j∗
− + I
j∗
+ I
i∗
−
) (
I l+I
p
− + I
p
+I
l
−
)〉
(13)
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where from now on the brackets 〈·〉 denote an average over the class of loops. Since the A+ and A− are drawn
independently, the averages over I+ and I− factorize and we are left with〈
dP
dk
〉
=
Gµ2
4π3
+∞∑
m=1
m2Λij,lp
(〈
Ii∗+ I
l
+
〉 〈
Ij∗− I
p
−
〉
+
〈
Ii∗+ I
p
+
〉 〈
Ij∗− I
l
−
〉
+
〈
Ij∗+ I
l
+
〉〈
Ii∗− I
p
−
〉
+
〈
Ij∗+ I
p
+
〉〈
Ii∗− I
l
−
〉)
.
(14)
Therefore, the building blocks of our calculation will be
〈
Ii+I
j∗
+
〉
and
〈
Ii−I
j∗
−
〉
which, as we explain now, are com-
plex conjugate quantities. Indeed, by remarking that (with obvious notations) Ci−,n (A−,n) =
(
Ci+,n (−A−,n)
)∗
and Ii− ({A−,n}) = −Ii+ ({−A−,n})∗ we can immediately conclude that〈
Ii−I
j∗
−
〉
=
〈
Ii− ({A−,n}) Ij− ({A−,n})∗
〉
(15)
=
〈
Ii+ ({−A−,n})∗ Ij+ ({−A−,n})
〉
(16)
=
〈
Ii+ ({−A−,n}) Ij+ ({−A−,n})∗
〉∗
(17)
=
〈
Ii+I
j∗
+
〉∗
(18)
where in going from the third to the last line we used the fact that any set of vectors {A−,n} and the set of
their opposites {−A−,n} has the same probability with our procedure.
We will now focus on one of these objects, say
〈
Ii+I
j∗
+
〉
, and drop all the indices + so that we now use the
notation Cin instead of C
i
+,n and An instead of A+,n. Because the calculation is somewhat long and technical,
we save all the details for Appendix A and simply present the outline of the calculation here before jumping
to the result. Starting from formula (10), it is clear that
〈
Ii+I
j∗
+
〉
will be a sum of average values of products
of terms of the form CinC
j∗
n′ with several exponentials of scalar products of the type k · As. The first step is
to factorize these average values as much as possible using the fact that the random unit vectors An for n
between 0 and N/2− 1 are drawn independently to obtain a product of expectation values each involving only
one of the vectors An. We can then use the symetries to reduce the number of components that we need to
calculate. Indeed, since we had set k = (1, 0, 0) and we will eventually contract
〈
Ii+I
j∗
+
〉
with the operator Λij,lp
which projects away any term proportional to k, any component of
〈
Ii+I
j∗
+
〉
bearing an index 1 will disappear.
Furthermore, after remarking that directions 2 and 3 are equivalent, it becomes clear that the only relevant
quantity to compute is
〈
I2+I
2∗
+
〉
=
〈
I3+I
3∗
+
〉
which can be expressed in terms of the three following functions
computed in Appendix B
s =
〈
e
2ipim
N
k·An
〉
=
N
2πm
sin
(
2πm
N
)
, (19)
µ =
〈
C2nC
2∗
n+N/2e
2ipim
N
k·An
〉
= cos
(
2πm
N
)
− N
2πm
sin
(
2πm
N
)
, (20)
and finally
σ =
〈
C2nC
2∗
n
〉
= Cin
(
4πm
N
)
+
N
4πm
sin
(
4πm
N
)
− 1 , (21)
where the special cosine integral is defined as
Cin(x) =
∫ x
0
1− cos t
t
dt. (22)
Given our procedure to draw the vectors An, it is clear that none of the average values defined here actually
depends on the index n. Also note that all three quantities σ, µ and s are real.
Now jumping to the result of the calculation, we have〈
Ii+I
j∗
+
〉
=
N
m2
(
σ + (−1)msN/2−1µ
)
δij(1− δi1) +Qij (23)
where the tensor Qij will be projected away by Λijlp. In other words, we can now replace in our calculations〈
Ii+I
j∗
+
〉
by the diagonal tensor
N
m2
(
σ + (−1)msN/2−1µ
) 0 0 00 1 0
0 0 1
 . (24)
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Note in particular that because the part of
〈
Ii+I
j∗
+
〉
that is not projected away is real, we can in practice also
replace
〈
Ii−I
j∗
−
〉
in (14) by the expression given in (24).
When performing the contraction in (14), the only term that appears is therefore the square of the factor in
(24) and it appears 8 times. This leaves us with〈
dP
dk
〉
=
2Gµ2
π3
+∞∑
m=1
N2
m2
[
σ(m,N) + (−1)ms(m,N)N/2−1µ(m,N)
]2
(25)
where we now indicated explicitely the dependence on m and N . Note that all three quantities σ, µ and s are
only functions of mN so from now on we will slightly abuse notations and write σ(m/N) for example.
2.3.3 Large N behavior
Our goal is now to understand the large N behavior of (25), for which it is convenient to expand the square of
the brackets, thus expressing
〈
dP
dk
〉
as the sum of three terms〈
dP
dk
〉
=
2Gµ2
π3
(
+∞∑
m=1
N2
m2
σ2
(m
N
)
+
+∞∑
m=1
N2
m2
µ2
(m
N
)
s
(m
N
)N−2
+ 2
+∞∑
m=1
(−1)mN
2
m2
σ
(m
N
)
µ
(m
N
)
s
(m
N
)N/2−1)
(26)
We will now show that the dominant term in the N → ∞ limit is the first one. The behavior of this
term is simple to obtain because the dependence on m and N is entirely of the form m/N so we can use a
Riemann integral to show that it is proportional to N . For the other terms, precisely determining an equivalent
is much more complicated but we just need to show that they are subdominant. For the sake of simplicity,
we chose to present here only qualitative arguments for this instead of a complete but much more technical proof.
Let us start with the first sum. In the large N limit, we clearly have
+∞∑
m=1
N2
m2
σ2
(m
N
)
≈ N
∫ ∞
0
f(u)du (27)
with
f(x) =
σ2(x)
x2
=
1
x2
[
Cin(4πx) +
1
4πx
sin(4πx)− 1
]2
(28)
It is straightforward to check that f(x) = O0(x2) and f(x) = O∞
(
ln(x)2
x2
)
so the integral in (27) is perfectly
well defined.
For the second sum, the power N − 2 prevents us from using a similar technique. However, we can under-
stand qualitatively why this term is subdominant. The factor s
(
m
N
)N−2
quickly goes to zero at large N because
s(x) = sin(2πx)/(2πx) ≤ 1 except when m/N ≪ 1. Therefore, only the modes m≪ N contribue to the sum but
as N grows, the number of such modes also grows. However, becaues in the limit x→ 0 the function µ2(x)/x2
goes to zero, their contribution tends to zero and therefore the total sum goes as N times a term of limit zero.
A similar argument shows that the third term is also subdominant.
As a conclusion, in the large N limit, we have〈
dP
dk
〉
≈ Gµ2
(
2
π3
∫ ∞
0
f(u)du
)
N (29)
The integration over k is trivial since
〈
dP
dk
〉
is independent of k and yields
〈P 〉 ≈ Gµ2
(
8
π2
∫ ∞
0
f(u)du
)
N (30)
The integral can be computed numerically to obtain our final result for the power radiated by loops with
N ≫ 1 left-moving and right-moving kinks3
〈P 〉 ≈ Gµ2Γ′N with Γ′ ≈ 13 (31)
3If we consider loops with N left-moving kinks but only 2 right-moving kinks, a similar computation leads to
〈
dP
dk
〉
=
6
2.4 Numerical study
2.4.1 Computation for a given loop
We now explain how the power radiated by a given loop belonging to the class defined in Section 2.1 can be
computed numerically. This calculation was performed analytically by Garfinkle and Vachaspati in [21] in the
case N = 2. In this section, we generalize their method to an arbitrary value of N . The infinite sum over m in
(7) can still be performed analytically. The integral over k is done numerically over a grid.
Let us start by rewriting (10) in the following way
Ii± =
i
m
N−1∑
n=0
Di±,n
(
eimα±,n − eimα˜±,n
)
(32)
where we defined
α±n =
2π
N
[
±(n+ 1)− k ·A±,n − k ·
(
n−1∑
s=0
A±,s
)]
and α˜±n =
2π
N
[
±n− k ·
(
n−1∑
s=0
A±,s
)]
(33)
as well as
Di±,n =
Ai±,n
k ·A±,n ∓ 1 . (34)
Inserting this into (8) and (7), we can write the power radiated in the direction k as a quadruple sum over
the unit vectors A±,n
dP
dk
=
4Gµ2
π3
N−1∑
n,n′,q,q′=0
Λij,lpD
(i
+,nD
j)
−,n′D
(l
+,qD
p)
−,q′
(
∞∑
m=1
1
m2
(
e
im(−α+n−α
−
n′
+α+q +α
−
q′
)
+ similar terms
))
. (35)
All 16 terms in the parenthesis above come from the expansion of (e−imα
+
n −e−imα˜+n )(e−imα−n′−e−imα˜−n′ )(eimα+q −
eimα˜
+
q )(e
imα+
q′ − eimα˜
−
q′ ) so they are all of the form ±eimγ . Furthermore, dPdk has to be real so we can replace all
terms like eimγ by cos(mγ). We can now use the following summation formula to simplify (35)
∞∑
m=1
cos(mγ)
m2
=
1
4
((γ mod 2π)− π)2 − π
2
12
. (36)
Since 8 of the 16 terms have a plus sign while the other 8 have a minus sign in front, the contributions from
−pi212 in (36) cancel in (35) and we are left with
dP
dk
=
Gµ2
π3
N−1∑
n,n′,q,q′=0
Λij,lpD
(i
+,nD
j)
−,n′D
(l
+,qD
p)
−,q′
[((
(−α+n−α−n′+α+q +α−q′)mod 2π
)−π)2+similar terms] (37)
In the cases where the direction of emission is exactly equal to some A+,n0 (resp. to some A−,q0), this
expression has to be corrected by removing all terms with n = n0 or n
′ = n0 (resp. q = q0 or q
′ = q0) in the
quadruple sum.
The number of operations that one has to perform in order to compute numerically dPdk for any given
direction k grows as O(N4) and quickly becomes prohibitive. The computation can be made faster by using
some symmetries but N of the order of 100 seems a reasonable limit if one wishes to perform the integration in
(12) to obtain the total power radiated4.
2Gµ2
pi3
∑
+∞
m=1
N
m2
[
σ + (−1)msN/2−1µ
]
Cin(2pim) instead of Eq. (25) which can be shown to grow only logarithmically with N .
This is consistent with the results of [26] that small scale structure only traveling in one direction on the string does not lead to
efficient energy loss.
4As an alternative to our procedure, we could have used the results of [23] with the particular advantage of getting rid of the
numerical integration, both a potential source of error and a time consuming step. We only chose to stick to our direct generalization
of [21] because it is simpler and because the smoothness of the power as a function of k enabled us to perform the integral with a
reasonably small grid.
7
2.4.2 Results
Combining the procedure described in Sec. 2.3.1 to draw random loops in our class and the method of the
previous paragraph to compute their power, we can now statistically estimate 〈P 〉 for various values of N . The
results, shown in diamonds in Fig.1 and well fitted by the solid (red) line, confirm the linear behavior derived in
Sec. 2.3 when the number of kinks becomes large. The best fit of our data with a linear function yields a value
for the slope equal to 13.5, showing good agreement with (31). We also observed that the ratio of the standard
deviation to the average value decreases as N grows so that the average value should be a good estimator of
the typical power radiated.
Figure 1: Average power radiated by a loop with N kinks in units of Gµ2 as a function of N . The diamonds
correspond to the distribution of loops defined in Sec. 2.3.1 for which the distribution of kink angles is broadly
peaked around π/2 and are very well fitted by the red straight line illustrating the linear growth at large N
found in Sec. 2.3. The top and the bottom set of points (and the associated dashed blue and dotdashed black
straight lines) correspond to piecewise constant loops with fixed kink angles of respectively 135◦ and π/10,
showing that the power radiated increases with the amplitude of the kinks.
The distribution defined in Sec. 2.3.1 is flat in the sense that each of the A±,n has a uniform probabilty on
the unit sphere (or rigorously half of them, in order to obtain a closed loop). This induces a whole distribution
of kink angles, broadly peaked around the typical value π/2.
We would now like to know how the amplitude of the kinks affects the power radiated. We therefore modify
the procedure to restrict ourselves to loops with fixed kink angles in the following way. Given α and two random
unit vectors A±,0, we randomly draw each unit vector A±,n+1 (for n between 0 and N/2 − 2) with uniform
probability among those that satisfy A±,n ·A±,n+1 = cosα. With the usual definitions in the literature (see for
example [17]), this corresponds to a kink amplitude (or sharpness) A = 12 ||A±,n − A±,n+1|| = sin(α/2). Note
that strictly speaking, not all of the 2N kinks on these loops have an angle α but only 2N − 4, the other 4
being potentially significantly different.
The results are shown in Fig.1 for two different values of α, respectively 135◦ for the upper set of points
(boxes) and π/10 for the lower set (circles)5 Here again, we find that the average power increases linearly with
the number of kinks. We note however that the standard deviation becomes important at small α so for a given
5The value 135◦ was chosen in order to compare our results with those of [24]. In addition to their argument based on the
quadrupole radiation formula, the authors performed numerical simulations of loops with 8, 16 and 32 kinks with opening angles of
135◦ to compute the numerical proportionality constant (Γk in their notation). Note that these were simulations of the dynamics
of Nambu-Goto loops including gravitational backreaction, an approach completely different from the numerical computations of
the radiated power that we performed in this section. Taking into account the slightly different definition of the word kink used
in their paper which introduces a factor of 2, their results translate into a value Γk ≈ 25 − 50 for the slope corresponding to this
particular value of the kink angle.
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loop, the actual power radiated can be significantly larger than the average value.6 The best fits give slopes
equal to 24 for α = 135◦ and 2 for α = π/10. As could be expected, we find that the power increases with the
kink angle.
2.5 Application to loops with junctions
We now conclude this section with a few remarks on the applicability of our results in the context of kink
proliferation as described in [18] which occurs on non-periodic loops containing junctions and gives rise to a
whole distribution of kink angles. First, we argue that although we have worked here only with closed periodic
loops, the periodicity of the functions x± does not play an important role and as a consequence, we expect our
results to hold for the loops with junctions. Indeed, the fact that x± are periodic induces correlations within
each set of vectors A+,n and A−,n (in our class of loops, this translates into the choice An,± = −An−N/2,±)
but these correlations only give rise to the second and the third term in (26) and those are subdominant at
large N .
A more problematic issue is that of the value of Γ′ corresponding to the complicated distribution of kink
angles produced during kink proliferation. The population of kinks resulting from proliferation can be divided
into a number k′ of large amplitude kinks which dominate the signal received by an observer from a whole
network of loops and a huge number of unobservable very small kinks. The tools that we developed in this
section do not enable us to compute Γ′ for such an intricate distribution: because it is only known numerically,
no analytical approach like that of Sec. 2.3 is possible and the number of kinks exceeds by far the possibilities
of the numerical approach of Sec. 2.4. However, we can still put a lower bound on the power radiated by such
loops by considering only the large amplitude kinks. In this case, we have according to our results P ∼ Gµ2Γ′k′
with a value of Γ′ of the order of 10. Given that we will only be interested in order of magnitude estimates
in the remainder of this paper and that several parameters already suffer from comparable uncertainties, we
can replace Γ′ in the expression of P by the usual constant Γ ∼ 50 expressing the power radiated by smooth
loops in units of Gµ2 in order to simplify our expressions. This lower bound will be a reliable estimate of P
if the contribution from the small amplitude kinks is negligible. If instead the power is actually dominated by
the small amplitude kinks, then P will depend on their number rather than on k′. In this case, we can only
conclude that P ≫ ΓGµ2k′. Distinguishing between those two situations is not possible with the tools that we
have developed so far and is a model-dependent issue since different types of strings may give rise to different
kink amplitude distributions. As a consequence, in the rest of this paper, we will discuss the implications of
both scenarios. The conclusions of this discussion can be summarized as follows:{
P ∼ ΓGµ2 · k′ Power dominated by large kinks
P ≫ ΓGµ2 · k′ Power dominated by small kinks (38)
3 Consequences on the GW signatures from kink proliferation
The effect of kink proliferation on the GW signal emitted by a network of cosmic strings was computed in [18]
in the general framework of a network where two types of loops coexist: "standard" loops with a number of
kinks of order unity, and loops with junctions7 that have gone through a kink-proliferation phase. The average
number of kinks per loop of the second subnetwork was taken to be a free parameter k′ ≫ 1.
Obviously, the predictions for the signal depend crucially on the number density of each type of loop since the
rate of bursts is directly proportional to this quantity. In this section, we revisit the results of [18], improving
the estimation of the density of loops with k′ kinks by taking into account the fact that they radiate more
gravitational power than initially considered and therefore decay faster. In Sec. 3.1, we derive our new expression
for the density of loops which is reduced at least by a factor k′. The consequences of this lower density on the
gravitational wave bursts and on the stochastic background are studied in sections 3.2 and 3.3 respectively.
6This is due to the following: when α is small, the A+,n will tend to be gathered together, densely populating a small region
instead of covering the whole unit sphere. Now, in the cases where A+,0 and −A−,0 are drawn not too far from each other, these
two regions intersect and the chances that one of the A+,n becomes really close to one of the −A−,n resulting in an extremely high
instantaneous velocity and important radiation (an equality would result in a degenrate cusp as discussed in Sec. 2.2) will be high.
7In this whole section, slightly abusing language, we take this expression to include also the periodic daughter loops (with no
junctions) that may be formed due to the possible unzipping of junctions. In particular, when we talk about the lifetime of loops
with junctions, we mean the time of decay by gravitational radiation of the loops formed with junctions and of their possible
daughter loops obtained by junction unzipping and not the time of unzipping itself.
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3.1 Lifetime of loops with many kinks and density of loops
3.1.1 One-scale model - standard case
The predictions in [18] are based on a modified (in order to account for the presence of junctions) version of the
standard one-scale model for the network evolution that was used for the original estimates [5, 19, 4]. We start
here by summarizing the key features of this model (see [27] for a detailed discussion, together with [5] for for
instance the factors of p).
A string network is made of both long strings and subhorizon closed loops. The long string component can
be characterized by the typical distance between long strings Lst, the typical distance ξst beyond which the
directions of string segments become uncorrelated and the typical wavelength of the smallest wiggles lwiggles on
the long strings. In the so-called scaling regime, all these lengths are proportional to the Hubble radius and
we have Lst ∼ p1/2t and ξst ∼ t. The value of lwiggles is the subject of intense debate in the community and is
usually written in terms of the parameter α under the form lwiggles ∼ αt. Using a crude estimate of the efficiency
of gravitational backreaction to round off the small scale structure on the long strings [28] gives α ∼ ΓGµ where
the constant is roughly equal to 50.
At any given time, loops are chopped off from (self-) intersection of long strings. Those large loops then
fragment into many small loops (which give the dominant contribution to the GW signal) and whose typical size
l is that of the smallest wiggles on the long strings l ∼ αt. Under this assumption, the population of loops can
be determined by remarking that the scaling regime requires a given rate of energy loss for the infinite string
network (p−1µt per Hubble volume and per Hubble time) so the number of such loops formed in a Hubble time
and within a Hubble volume has to be p−1µt/(µl) ∼ p−1α−1. These loops then decay by gravitational radiation.
The power radiated by these smooth loops has been computed in [29, 20, 21] and is proportional to Gµ2 with
the same proportionality constant Γ ≈ 50 as in the previous paragraph. The lifetime of loops formed at time t is
therefore τ ∼ µLΓGµ2 ∼ µΓGµtΓGµ2 ∼ t. In other words, all the loops formed at a given time t decay in a Hubble time
and with good approximation all loops have the same size αt at any time t which leads to a distibution of loop
lengths approximately equal to a delta function n(l, t) ∼ 1pαt3 δ(l−αt) that we will write from now on n(t) ∼ 1pαt3 .
Some authors have computed the gravitational wave predictions in different scenarios for the evolution of
the loop network, for instance including smaller loops with α = ǫΓGµ and ǫ ≪ 1 or large loops [4, 5, 19]. For
the sake of simplicity we will however stick, as in [18], to a modification of this simplest scenario to analyze the
impact of kink proliferation.
3.1.2 One-scale model - with proliferation: old version
Several authors have studied the evolution of a network of cosmic strings with junctions, both analytically
and numerically [30, 31, 32, 14, 33, 34, 15, 35] and found that the scaling behaviour of the infinite strings
still exists in the presence of junctions. Based on these results, the one-scale model presented in the previous
section was modified in [18] to take into account the population of loops with junctions in the case of a network
containing different types of strings of comparable tensions and reconnection probabilities. The simplifying
picture adopted there in order to isolate the effect of kink proliferation was that despite the formation of
junctions, all the quantities related to the infinite string network remained unchanged.
We are interested in the population of small loops and in particular in the fact that now two types of loops
can form: standard periodic loops and loops with junctions on them. Because both types of loops are produced
as in the standard case by iterative fragmentation of larger loops, it was argued that their typical size was that
of the smallest wiggles on the infinite network αt. In order to describe these two different types of loops, a new
parameter q defined as the fraction of loops formed with junctions was introduced.
As in the standard case, loop production is the mechanism by which the infinite string network loses en-
ergy and in order to ensure a scaling behavior, the total energy lost has to remain unchanged with respect to
the standard case. Because both types of loops have the same energy, the total number of loops formed per
Hubble time and within a Hubble volume remains 1/(pα). However, this number now divides into (1− q)/(pα)
standard loops and q/(pα) loops with junctions. Because the creation of a loop with junctions can only happen
by fragmentation on a larger loop around a junction whereas the production of a standard loop can happen
anywhere on the loop, we expect q ≪ 1 and the exact value of this parameters is probably model dependent
since it is related to the tendancy of a particular type of string to create junctions. When working with order of
magnitude estimates, 1− q can be replaced by 1 in the number of standard loops. Furthermore, in the scaling
regime, q is expected to be time-independent.
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We are interested in the number of kinks on each type of loop. The standard loops are the product of the
fragmentation of loops without junctions and therefore, as in the standard case, should have a number of kinks of
order unity. On the second type of loops, the presence of junctions leads to a quick proliferation of the number of
kinks and we call k′ the average number of large amplitude kinks on these loops. Note that, as discussed in more
detail in Section 4, because the proliferation of kinks is exponential, k′ is roughly equal to the number of kinks at
the end of proliferation regardless of how the the duration of proliferation compares with the lifetime of the loop.
The last step to obtain the number density for each type of loop is to take into account the decay of these
loops by gravitational radiation. At that point, [18] made the conservative assumption that the power radiated
by both types of loops was the same as in the standard scenario (P = ΓGµ2) and in particualar that the power
radiated by the second type of loops was not affected by kink proliferation. As in the standard scenario, this
leads to a number density
n(t) ∼ 1
pαt3
(39)
for standard loops and
n′old(t) ∼
q
pαt3
(40)
for loops with junctions.
3.1.3 One-scale model - with proliferation: revisited estimates
Since the loops with junctions are created with an invariant length l ∼ αt ∼ ΓGµt, then their initial energy is
µαt = ΓGµ2t. Combining this with our expression in (38) for the power radiated by those loops, we find that
for models where the power is dominated by the large kinks, the loops decay8 in a time
τl ∼ ΓGµ
2t
ΓGµ2k′
∼ t
k′
. (41)
In the case where the small kinks provide the main contribution to the loss of energy from the loop, this value
becomes an upper bound according to (38). In both cases, this is much shorter than the value τl = t that was
used in [18]. Therefore, at any given time, only a fraction of all the loops considered in [18] will be present in
the network and the number density of loops with many kinks is at most
n′(t)new ∼ 1
k′
q
pαt3
. (42)
We now analyze the effect of this smaller density on our results.
3.2 Rates and individual bursts
The goal of this subsection is not to compute in detail the rate of bursts but rather to explain qualitatively
the consequences of the shorter lifetime on the predictions for the GW signal. Therefore, instead of explicitely
describing the dependence of the rate of kink bursts on the various parameters and on redshift (see sections 3
and 4 of [18] for more detail), we will only be interested here in the intuitive fact that it is proportional to the
density of loops and to the number of kinks per loop. Since all the other factors entering the rate are equal for
both types of loops, this approach will be sufficient for our purpose of comparing the contribution from standard
loops and from loops with junctions in our model.
Following the results of 3.1.2, it was found in [18] that(
N˙junctions
N˙standard
)
old
∼ q · k
′ · p−1α−1t−3
p−1α−1t−3
∼ qk′ (43)
with the conclusion that for models satisfying the condition qk′ ≫ 1, the main contribution to the rate of kink
bursts came from the loops with junctions.
8This simple calculation implicitely assumes that the number of kinks remains constant throughout the evolution of the loop.
Though this is not necessarily the case, the analysis of Sec. 4 shows that because the number of kinks grows exponentially, our
estimate for the lifetime of the loop is valid.
11
Now using our revisited one-scale model taking into account the faster decay of loops with many kinks, we
find that this fraction is smaller by at least a factor k′(
N˙junctions
N˙standard
)
new
<
q · k′ · p−1α−1t−3/(k′)
p−1α−1t−3
∼ q (44)
and because q < 1, the contribution from standard loops always dominates the rate of kink events, making imme-
diately clear that the original predictions made by [5, 19] concerning the observability of individual bursts apply.
Note that this leaves the final conclusions of [18] on the observability of individual kink bursts unchanged.
Indeed, it was argued there that the usual procedure to compute the rates and amplitudes had to be revised
by introducing a lower redshift cutoff zc below which no statistical approach was valid due to the lack of loops
in this region9. This led to the conclusion that the presence of kinky loops could only yield amplitudes for
kinks bursts larger than the standard predictions in [19] in specific regions of parameter space where pulsar
constraints already forbid this anyway.
3.3 Stochastic background
For any given type of burst, the rate of events coming from high redshifts is so large that an observer cannot dis-
tinguish the individual bursts and only sees their incoherent superposition as a stochastic background. Damour
and Vilenkin [19] showed that the sum over the overlapping bursts could be written in terms of a redshift
integral of the square amplitude of individual bursts emitted at redshift z weighted by the number of bursts
from that redshift. The crucial point is that one has to start the integral at the redshift zb→b that corresponds
to the minimal rate for the bursts to actually overlap at the detector. The integral ends at zhf beyond which
the loops are so small that they only emit at frequencies larger than the frequency of observation. Obviously,
this calculation is only valid for redshifts larger than zc. This reads
h2c(f) =
∫ zhf
max(zc,zb→b)
h2(z)f−1dN˙(z). (45)
Our goal here is to investigate the modifications with respect to the results of [18] induced by the smaller
density of loops with junctions n′. Three of the quantities appearing in (45) depend on n′, namely zc, zb→b
and dN˙(z) (the rate of bursts coming from the redshift interval [z, z + dz]). However, both in the case of the
kink background and of the kink-kink background (superposition of bursts emitted at kink-kink encounters on
the strings), the integral is always dominated by the largest redshift zhf (see Appendix B of [18]) which only
depends on the size of the loops and therefore remains unchanged. As a result, the only corrections come from
the factor dN˙(z) which is directly proportional to n′ in the case of loops with junctions and now smaller by
a factor k′ or larger. This means that the final formulas for the amplitude of the kink and of the kink-kink
background (respectively formulas (53) and (57) of [18]) need to be divided by at least a factor
√
k′.
Let us start by discussing the kink background. We now have, for the contribution from loops with junctions
in the case where the large kinks dominate the power that they radiate,
hkinkc ∼ q1/2 · 10(Gµ)α1/2p−1/2Θ
(
f − 1
αt0
)
(1 + αt0f)
−4/3
(
1 +
αt0f
z
3/2
eq
)1/3
, (46)
the right hand side being an upper bound for hkinkc in the case of a small kink dominated power. The contri-
bution of the standard loops is obtained by substituting q = 1 in the previous equation. Since q < 1, we now
find that the kink stochastic background is actually always dominated by the standard loops, even in the models
where the product qk′ is larger than 1.
We now turn to the kink-kink background for which our conclusions will be different depending on whether
the power radiated by the loops with junctions is dominated by the large kinks or by the small ones.
In the first case, the contribution from loops with junctions obtained in [18] has to be divided by
√
k′ and
now reads
hk−kc ∼ (qk′)1/2 · 10(Gµ)α1/2p−1/2Θ
(
f − 1
αt0
)
(1 + αt0f)
−3/2
(
1 +
αt0f
zeq
)1/2
. (47)
9Also note, though this is not necessary here to conclude that the dominant kink signal comes from the standard loops, that the
smaller redshift cutoff applying to loops with junctions is now larger than in [18] by a factor (k′)1/3 or larger.
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Here, the contribution from standard loops is recovered by setting q = k′ = 1 and so, the conclusion that it is
dominated by loops with junctions provided that qk′ > 1 remains valid. Furthermore, it is easy to check that in
this case the k-k bacground remains larger than both the cusp and the kink backgrounds computed in the stan-
dard case. Indeed, we now have h
k−k (new)
c ∼ hk−k (old)c /
√
k′ and h
k (new)
c ∼ hk (old)c /
√
qk′. On the other hand, it
was shown in [18] that h
k−k (old)
c /h
k (old)
c ∼
√
k′. Combining these equations leads to h
k−k (new)
c /h
k (new)
c ∼
√
qk′.
Note that h
k (new)
c corresponds to the amplitude of the standard kink background, and that, according to [36],
it is of the same order of magnitude as the standard cusp background.
The case where the small kinks dominate is more complex because the estimate in (47) now becomes an
upper bound and it is impossible to compare the contributions from standard loops and loops with junctions as
well as the backgrounds from different types of bursts. For now we simply notice that if the radiation from the
small kinks is too large, then even in models with qk′ > 1, the kink-kink background will not be the dominant one.
From an observational point of view, the conclusions of this section are that the amplitude of the kink-kink
background is reduced with respect to the results of [18] by a factor
√
k′ at least and that the region of parameter
space for which the dominant background remains the kink-kink could be smaller than computed in [18].
4 Kink proliferation versus power radiated: towards estimating k′
Our results on the power radiated by a loop with many kinks enables us to discuss the order of magnitude of
the parameter k′ entering the observational predictions of Sec. 3.
4.1 Unspoiled exponential kink proliferation
Let us consider a loop with junctions of typical length L undergoing kink proliferation due to the transmissions
and reflexions of kinks propagating through the junctions. We neglect for now all the potential mechanisms
identified in [17] that could alter the course of proliferation, namely the self-intersections of the loop which could
chopp off smaller loops without junctions but with many kinks, the unzipping of junctions and the gravitational
backreaction (by this we mean the deviations to the Nambu Goto dynamics on a fixed flat background and in
particular the rounding off of the kinks; as explained below, we however take into account the fact that the
energy of the loop is indeed decreasing). We discuss the effect of these additional physical ingredients in Sec.
4.2. Under these assumptions, it was shown in [17] that the number of sharp kinks N(t) on the loop grows
exponentially:
N(t) ∼ ρt/L (48)
where the origin of time was set at the formation of the loop. The coefficient ρ > 1 depends on the tensions of
the strings in the loop. In the case where all the strings have the same tension, ρ is maximal and roughly equal
to 2.
As the number of kinks increases on the loop, it radiates more power until, at t = τf it has lost all its initial
energy which is roughly equal to µL.
We start by discussing the case where the power radiated by the loop is dominated by the large amplitude
kinks during the whole course of proliferation. Using (38), we find that between t and t+ dt, the loop looses an
energy dE ∼ ΓGµ2 ·N(t)dt. Therefore, τf satisfies the equation
ΓGµ2 ·
∫ τf
0
N(t)dt ∼ µL (49)
which, combined with (48) leads to
N(τf ) ∼ ln ρ
ΓGµ
∼ 1
ΓGµ
. (50)
provided ρ is not too close to 1.
How is this related to the parameter k′ appearing in the computations of the gravitational wave signal in
Sections 3.2 and 3.3 for instance? The number of kinks does not remain constant throughout the lifetime of the
loop and k′ has to be defined as the average number of kinks per loop which is equal to the time average of the
number of kinks on a given loop. Therefore, k′ will be somewhat smaller than N(τf ) but, given the exponential
growth of the number of kinks, we expect it to be comparable. This gives us our final estimate for k′
k′ ∼ (ΓGµ)−1. (51)
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In the case where the small kinks actually provide the main contribution to the loss of energy from the loop
for at least part of the proliferation phase, our estimate turns into an upper bound
This is the number of kinks one obtains by assuming that proliferation occurs in the ideal conditions men-
tioned earlier. In other words, when the only limitation to proliferation is the decay of the loop by gravitational
radiation. In this case, the duration of proliferation is equal to the lifetime of the loop. In [17], various mecha-
nisms which might be responsible for an alteration of the proliferation of kinks were proposed. We now discuss
qualitatively how these can affect our estimate of k′.
4.2 Discussion of other effects
4.2.1 Unzipping of junctions
The first mechanism is related to the potential unzipping of the junctions. In particular, simulations of realistic
loops with junctions in [17] showed that one of the segements of string typically ends up shrinking to a point
and at that time, both junctions collide. What happens at that point in not encoded in the effective modified
Nambu action that was used and certainly depends on the underlying theory [37, 38] but one possibility is that
the junctions disappear or unzip to release two periodic closed loops. In that case, proliferation brutally stops
and the number of kinks then remains constant. It is interesting to remark the typical time for this collision
to happen (a few L according to our simulations) is comparable with (and seems to be slightly smaller than)
the lifetime predicted by considering the gravitational decay which, as can easily be seen from (48), is given by
ln (ΓGµ)−1 in units of L. Therefore, the number of kinks can be significantly smaller than that predicted in (51).
4.2.2 Self-intersections
Another physical phenomenon that we neglected is the possibility for the segments of string to self-intersect
during the evolution and reconnect to chopp off small loops carrying many kinks which therefore do not enter the
proliferation anymore. This effect has not been studied quantitatively for loops with junctions. In particular,
it is not clear to what extent the frequency of these self intersections will increase as the number of kinks
grows. Moreover, the effect will depend on the value of the reconnection probability since a low value of p
would suppress the production of small loops even when many self intersections take place. In any case, as
we explain below, we do not expect that multiple reconnections affect drastically the estimate for k′. Indeed,
when a loop without junctions is chopped off, it withdraws kinks from the loop where proliferation takes place
but also instantaneously reduces its length. This has two effects. It increases the rate of proliferation as the
exponent in (48) is now larger but it also decreases the energy of the loop and therefore its lifetime and the
duration of proliferation.
Let us consider a very simplistic toy model to measure the importance of these competing effects. We start
with a loop containing three segments of length L meeting at two junctions. Suppose that at some instant t0,
each of the three segments self-intersects and has its length reduced by a factor α < 1 (the length of the loop
released is then (1 − α)L). Assuming that the kinks are evenly spread over the segment, the number of kinks
on each segment right after reconnection is N0 = α ρ
t0/L and from then on, it evolves as N(t) = N0ρ
(t−t0)/(αL).
Solving for the number of kinks at time τf when the loop has lost all its energy by gravitational radiation, we
recover the same result as in the case with no reconnection N(τf ) ≈ (ΓGµ)−1 +N0 ≈ (ΓGµ)−1. The value of
k′ is slightly increased by the presence of kinks in the three loops produced at the reconnections but as there is
no proliferation on these, we expect this contribution to be subdominant.
4.2.3 Backreaction
While we accounted for the loss of energy by gravitational radiation in our analysis, we completely neglected
gravitational backreaction, namely the fact that this loss of energy causes the dynamics to deviate from the
Nambu action on a fixed background. In our context, backreaction has at least two important effects. The first
one is to round off the kinks [39, 40], with a timescale that is probably of the order of the lifetime of the loop
τf that we computed by looking at radiation. This tends to reduce the number of kinks in the system but at
the same time, it increases the lifetime of the loop and therefore the duration of proliferation. We find however
unlikely that this will contribute to increase the number of kinks with respect to (51). The second effect is that
the string shrinks as it loses its energy, or in other words, its length is actually a (decreasing) function of time.
This will certainly alter the ρt/L behavior that was derived in [17] where L was the initial length of the segments
of string, in particular towards the end of the evolution where the rate of proliferation will become increasingly
large.
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5 Conclusion
In this paper, we have investigated the loss of energy by gravitational radiation from cosmic string loops with
many kinks. Using analytical tools, we found that the power radiated by piecewise linear loops with N kinks and
a distribution of kink angles roughly peaked around the value π/2 is proportional to N with a proportionality
constant of the form Γ′Gµ2 and the order of magnitude Γ′ ∼ 10. We also investigated how our result depends
on the typical amplitude of the kinks by computing numerically the power radiated by loops with fixed kink
angles. We showed that the linear behavior in the number of kinks is robust and that Γ′ is an increasing function
of the typical kink angle. This is the first time that radiation from loops with many sharp kinks was studied
using a full relativistic formalism.
We then applied our results in the context of kink proliferation on loops with junctions, a phenomenon de-
scribed in [17]. The distribution of kinks on loops with junctions is complex and hard to study even numerically,
in particular because it contains a huge a number of very small kinks. For this reason, precisely estimating the
power radiated by such loops is impossible. However, our results from Sec. 2 enabled us to determine a lower
bound on this power by considering only the interaction of the k′ sharp kinks that dominate the contribution to
the gravitational wave burst signal received by an observer from a whole cosmological network of loops. More
precisely, we found that for loops with junctions, P > ΓGµ2 ·k′ where Γ ∼ 50 is the standard value of the power
radiated by smooth loops in units of Gµ2. For models where the contribution from the small kinks to the power
radiated is subdominant, this lower bound will be saturated. In any case, the power radiated by loops with
junctions is much larger than the estimate P ∼ ΓGµ2 used in [18].
As explained in Sec. 3, this affects the observational predictions for the gravitational waves emitted by a
network of cosmic string loops with junctions: since they radiate more, those loops decay faster and so their
number density is smaller thereby decreasing the rates of events. We found that the rate of individual kink bursts
should not be larger in networks with junctions than in standard networks. This strengthens the conclusion of
[18] that, contrary to what one might expect at first sight, the presence of loops with junctions in a network and
the associated kink proliferation do not provide any distinctive signature as far as the observation of individual
bursts is concerned.
According to [18], the main observational consequence of kink proliferation is the existence of a strong
stochastic background of gravitational waves resulting from the superposition of the large number of bursts
produced at kink-kink encounters. More precisely, it was shown that for models where the fraction of loops with
junctions q and the number of sharp kinks on them k′ satisfy the condition qk′ ≫ 1, this kink-kink background
dominates over the cusp and the kink one. Our analysis slightly weakens this conclusion: the characteristic
amplitude of the kink-kink background is suppressed by at least a factor
√
k′ and so the region of parameter
space in which it remains dominant may be reduced. We note however that for models where the total radiated
power from the loops with junctions is dominated by the sharp kinks, the condition for the kink-kink background
to dominate remains qk′ ≫ 1.
Finally, our result enabled us to put an upper bound to the parameter k′ resulting from kink proliferation
by computing the decay of a loop by gravitational radiation as the number of kinks grows. By assuming that
exponential proliferation lasts until the loop has radiated all its initial energy away, we found that k′ < (ΓGµ)−1.
We also discussed qualitatively how other effects could affect this upper bound but ultimately, a quantitative
analysis combining all these effects would be necessary to provide a complete picture of the physics of kink
proliferation and to estimate k′, a crucial value for the observational predictions.
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A Expression of
〈
I i+I
j∗
+
〉
in terms of s, µ and σ
In this appendix, we detail the calculation leading to Eq. (23). Our starting point is formula (10)
Ii+ =
i
m
N−1∑
n=0
Cine
2ipim
N
(
n−k·
(∑
n−1
s=0
As
))
(52)
where we recall that
Cin =
Ain
k ·An − 1
(
e
2ipim
N
(1−k·An) − 1
)
. (53)
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This yields 〈
Ii+I
j∗
+
〉
=
1
m2
N−1∑
n=0
N−1∑
n′=0
Si,jn,n′ (54)
with the definition
Si,jn,n′ =
〈
CinC
j∗
n′ e
−
2ipim
N
k·
(∑
n−1
s=0
As−
∑
n′−1
s=0
As
)〉
e
2ipim
N
(n−n′). (55)
Depending on the values of n and n′, some of (or all) the vectors appearing inside the average brackets are
independent so that the average conveniently factorizes. In order to make the computation simpler, and to
reduce the number of different situations that we need to distinguish, we will use the symmetry property
Si,jn′,n =
(
Sj,in,n′
)∗
to reduce the sum to terms with n ≤ n′. This leads to
m2
〈
Ii+I
j∗
+
〉
=
N−1∑
n=0
Si,jn,n +
∑
06n<n′6N−1
Si,jn,n′ +
(
Sj,in,n′
)∗
(56)
The terms in the first sum simply reduce to
Si,jn,n =
〈
CinC
j∗
n
〉
. (57)
The second sum only contains terms with n′ > n, which we can rewrite
Si,jn,n′>n =
〈
CinC
j∗
n′
n′−1∏
s=n
e
2ipim
N
k·As
〉
e
2ipim
N
(n−n′). (58)
We need to distinguish the following cases:
• n′ = n+N/2: There are N/2 such terms. In this case, An = −An′ . All the factors between the brackets
are uncorrelated except for Cin, C
j∗
n′ and e
2ipim
N
kAn . We then have
Si,jn,n+N/2 = (−1)m
〈
CinC
j∗
n+N/2e
2ipim
N
k·An
〉 n−1+N/2∏
s=n+1
〈
e
2ipim
N
k·As
〉
(59)
• n′ < n+N/2: All the factors between the brackets are uncorrelated except for Cin and e
2ipim
N
kAn . In this
case,
Si,jn,n′<n+N/2 =
〈
Cine
2ipim
N
k·An
〉〈
Cj∗n′
〉 n′−1∏
s=n+1
〈
e
2ipim
N
k·As
〉
e
2ipim
N
(n−n′) (60)
• n′ > n + N/2: Some of the terms under the product sign cancel out and all the factors that are left are
uncorrelated. In this case,
Si,jn,n′>n+N/2 =
〈
Cin
〉 〈
Cj∗n′
〉 n−n′+N∏
s=n+1
〈
e
2ipim
N
k·As
〉
e
2ipim
N
(n−n′) (61)
This leads us to define the following average values involving only one of the random vectors An:
s =
〈
e
2ipim
N
k·An
〉
(62)
ρi =
〈
Cin
〉
(63)
ρ˜i =
〈
Cine
2ipim
N
k·An
〉
(64)
σij =
〈
CinC
j∗
n
〉
(65)
µij =
〈
CinC
j∗
n+N/2e
2ipim
N
k·An
〉
(66)
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Given our procedure to draw the vectors An, it is clear that none of the average values defined here actually
depends on the index n. Note however that all of them depend on k andm but we keep this dependence implicit
here.
The expression of
〈
Ii+I
j∗
+
〉
in terms of µij , σij , ρ˜i, ρi and s reads
m2
〈
Ii+I
j∗
+
〉
= Nσij +
(−1)m
2
N
(
µijsN/2−1 + µij∗(s∗)N/2−1
)
+K1ρ
iρj∗ +K2ρ˜
iρj∗ +K∗2ρ
iρ˜j∗ (67)
with
K1 =
N−1∑
n=0
N−1∑
n′=n+N/2+1
e
2ipim
N
(n−n′)sN−n
′
(68)
K2 =
N−1∑
n=0
n+N/2−1∑
n′=n+1
e
2ipim
N
(n−n′)sn
′
−n (69)
In principle, we now need to compute the full tensors µij , σij , ρ˜i, ρi as well as the value of s, K1 and K2.
However the number of components that we will really need can be drastically reduced by using the symmetries
of our problem. As pointed out earlier, since there is no preferred direction in our class of loops, 〈dPdk 〉 will be
independent of k and we had set k = (1, 0, 0). Now remember that we will eventually contract
〈
Ii+I
j∗
+
〉
with
the projection operator Λi,j,l,p which projects away any term proportional to k. Therefore, any component of〈
Ii+I
j∗
+
〉
bearing an index 1 will be projected away. This means that we only need to calculate ρ˜2, ρ˜3,ρ2, ρ3,
σ22, σ33, σ23, σ32, µ22, µ33, µ23 and µ32. We can even go a little further by remarking that ρ˜i and ρi can only
be proportional to ki (the only vector in the game) so that
ρ2 = ρ3 = ρ˜2 = ρ˜3 = 0 (70)
and the last three terms in (67) will be projected away. This means that we don’t need to compute K1 and K2.
Furthermore, directions 2 and 3 are equivalent so we have
σ22 = σ33 ≡ σ, µ22 ≡ µ33 = µ, (71)
σ23 = σ32 = µ23 = µ32 = 0. (72)
which only leaves us with the three quantities σ and µ and s to compute. For the sake of clarity, we postpone
their computations to Appendix B.
We can finally rewrite (67) in terms of s, µ and σ to recover Eq. (23)〈
Ii+I
j∗
+
〉
=
N
m2
(
σ + (−1)msN/2−1µ
)
δij(1− δi1) +Qij (73)
where the tensor Qij will be projected away by Λijlp.
B Computation of s, µ and σ as functions of m and N
In this appendix, we detail the calculation of the functions of s, µ and σ defined in (62) and (71). Each of
them is an average value of a quantity that depends on only one of the unit vectors drawn randomly on the
unit sphere. We parametrize this unit vector using spherical coordinates (θ, φ), so that the vector components
are (cos(θ), sin(θ) cos(φ), sin(θ) sin(φ)). Since we assumed a uniform distribution over the unit sphere, φ has to
be uniformly distributed in the interval [0, 2π] while cos θ is uniformly distributed in the interval [−1, 1]. The
average values now rewrite as double integrals over θ and φ.
Let us start with σ
σ =
〈
C2nC
2∗
n
〉
=
〈
(A2n)
2
(k ·An − 1)2
∣∣∣(e 2ipimN (1−k·An) − 1)∣∣∣2〉 (74)
= 4
〈
(A2n)
2
(k ·An − 1)2 sin
2
(πm
N
(1− k ·An)
)〉
(75)
=
4
4π
∫ 2pi
0
cos2 φ dφ
∫ pi
0
sin θ
sin2 θ
(1− cos θ)2 sin
2
(πm
N
(1 − cos θ)
)
dθ (76)
= Cin
(
4πm
N
)
+
N
4πm
sin
(
4πm
N
)
− 1 (77)
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where we have used the variable change u = pimN (1 − cos θ) to compute the integral over θ. In the last line, we
have used the special cosine integral defined as
Cin(x) =
∫ x
0
1− cos t
t
dt. (78)
In the same fashion, we can compute
µ =
〈
C2nC
2∗
n+N/2e
2ipim
N
k·An
〉
(79)
=
〈
(A2n)
2
(k ·An − 1)(k ·An + 1)
(
e
2ipim
N
(1−k·An) − 1
)(
e−
2ipim
N
(1+k·An) − 1
)
e
2ipim
N
k·An
〉
(80)
=
4
4π
∫ 2pi
0
cos2 φ dφ
∫ pi
0
sin θ
sin2 θ
(cos θ − 1)(cos θ + 1) sin
(πm
N
(1− cos θ)
)
sin
(πm
N
(1 + cos θ)
)
dθ (81)
= cos
(
2πm
N
)
− N
2πm
sin
(
2πm
N
)
. (82)
Finally, we have
s =
〈
e
2ipim
N
k·An
〉
=
1
4π
∫ 2pi
0
dφ
∫ pi
0
sin θe
2ipim
N
cos θdθ =
N
2πm
sin
(
2πm
N
)
(83)
Of course, one can check (70), (71) and (72) using this procedure and variable changes adapted to the
symmetry.
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